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a b s t r a c t
In this paper, a new and simple approach is presented to exactly calculate the critical
buckling loads of beams with arbitrarily axial inhomogeneity. For various end boundary
conditions, we transform the governing equation with varying coefficients to linear alge-
braic equations; then a characteristic equation in critical buckling loads will be obtained.
Several examples of estimating buckling loads under typical end supports are discussed.
By comparing our numerical results with the exact and existing results for homogeneous
and nonhomogeneous beams, it can be found that our method has fast convergence and
the obtained numerical results have high accuracy. Moreover, the buckling behavior of a
functionally graded beam composed of aluminum and zirconia as two constituent phases
is investigated for axially varying material properties. The effects of gradient parameters
on the critical buckling loads are elucidated. Finally, we give an example to illustrate the
enhancement of the load-carrying capacity of tapered beams for admissible shape profiles
with constant volume or weight. The proposed method is of benefit to optimum design of
beams against buckling in engineering applications.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
It is well known that non-uniform beams with axially graded elasticity and/or varying cross-sectional area bear strong
relevance to structural, mechanical and aeronautical engineering fields [1]. Up until now, a great deal of literature has been
published on investigating the stability of axially non-uniform beams, due to the fact that it may provide an economical
solution to carry the desired higher compressive loads in engineering structures. Based on the derivation of the stiffness
matrix for variable cross-section members, Eisenberger presented an exact method for the stability analysis of beams with
variable flexural rigidity and variable axial load along their length [2]. Lee and Oh used the Runge–Kutta and regula-falsi
method to solve the buckling problem of simply supported linear, parabolic and sinusoidal tapered beams with constant
volume [3]. By choosing the transverse displacement and the stiffness of the axial direction as some polynomials, Elishakoff
and co-workers used the inverse method to find the exact solutions of critical buckling loads for nonhomogeneous beams
with different kinds of boundary conditions [4–6]. By changing the governing differential equations to Bessel equations
or ordinary differential equations with constant coefficients for several functional relations between stiffness or mass or
axial distributed loading, Li used appropriate functional transformation to deal with the buckling of non-uniform beams [7].
Considering the unknownphysical quantities as a functional of the non-uniformproperty, Altus et al. first used the functional
perturbation method to investigate the bending, deflection on elastic foundation and heat conduction problem of beams
with linear nonhomogeneous materials [8], then Totry et al. discussed the buckling behaviors of non-uniform beams [9].
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Lacarbonara constructed the post-buckling solutions of non-uniform linearly andnonlinearly elastic rods via a regular higher
order perturbation [10]. Recently, a series of research work has been made by Ataythe and Coskun to investigate the elastic
stability of a homogeneous and nonhomogeneous Euler beam through the variational iteration method [11–14] and the
homotopy perturbation method [15–17], respectively.
On the other hand, beams on elastic foundations have wide applications in modern engineering and pose great technical
problems in structural design. The Winkler elastic foundation model, which consists of infinitely many close spaced linear
springs, is a one-parametermodel that is extensively used in practice. Eisenberger andClastornik discussed the free vibration
and the stability of a homogeneous beam on a variable Winkler elastic foundation [18]. The buckling of multi-step non-
uniform beams with elastically restrained boundary conditions subjected to several concentrated axial forces has been
studied in [19] by using the transfer matrix method. Keeping the distribution of the material density and the rigidity
of the inhomogeneous beam as the postulated trigonometric mode shape, Calio and Elishakoff obtained some closed-
form solutions for inhomogeneous beam-columns on elastic foundations [20]. Malekzadeh and Karami exploited a mixed
differential quadrature and the finite elementmethod to study the vibration and buckling behaviors of beam-like structures
on elastic foundations [21]. Singh and Li introduced a low-dimensional mathematical model [22], which is capable of
computing the buckling loads of elastically restrained uniform and non-uniform functionally graded beams in the axial
direction.
The objective of this paper is to present a simple approach for analyzing the buckling behavior of axially non-uniform,
elastically restrained beams. By expanding the mode shapes as power series, we transform the governing differential
equations with variable coefficients to a system of algebraic equations with unknown coefficients. The smallest buckling
loads can be easily determined from the existence condition of a nontrivial solution of the resulting system. In order to
show the effectiveness of the proposed method, we will apply the method to evaluate the critical buckling loads of uniform
homogeneous and non-uniform beams elastically restrained under several typical end supports. Furthermore, a suboptimal
design of a homogeneous beam with constant weight will be elucidated.
2. Formulation for problem
An inhomogeneous beam with a continuous elastic restraint corresponding to the applied axial load is considered. In
this paper, the materials’ properties and cross-section are assumed to vary continuously along the axial direction. Based on
the Euler–Bernoulli beam theory, the governing differential equations for buckling of an inhomogeneous beam on elastic
restraints can be written as [23]
d2
dx2
[
D(x)
d2w
dx2
]
+ P d
2w
dx2
+ kw = 0, 0 < x < L, (1)
where x, w and L are the axial coordinate, the transverse displacement and the length of the beam, respectively; k is the
uniformly distributed lateral spring of stiffness per unit length; D(x) = E(x)I(x) is the flexural rigidity which depends upon
the axially graded Young’s modulus of elasticity E(x), and/or spatially varying geometry with the moment of cross-section
inertia I(x); P is the axial compressive load at the centroidal axis, where P > 0 corresponds to compressive loading and
P < 0 to tensile loading, respectively. For simplicity, by introducing the non-dimensional coordinate ξ = x/L, we can
change the governing equation (1) into
d2
dξ 2
[
D(ξ)
d2w
dξ 2
]
+ λ∗ d
2w
dξ 2
+ α∗w = 0, 0 < ξ < 1, (2)
where we still denote D(x) and w(x) as D(ξ) and w(ξ), respectively, without confusion; λ∗ = PL2 and α∗ = kL4 are the
normalized critical load and normalized restraint stiffness parameter, respectively. For the present problem, it is sufficient
to determine the characteristic values λ∗ of resulting governing equation (2), which is related to the critical buckling loads
of beams via λ∗ = PL2. Since critical buckling loads are closely related to the end supports of the beam, it is instructive to
give expressions for relevant familiar end conditions such as pinned (simply supported), clamped, guided and free ends,
which can be given in terms ofw as follows:
Pinned end (P) : w = 0, and d
2w
dξ 2
= 0, (3)
Clamped end (C) : w = 0, and dw
dξ
= 0, (4)
Free end (F) : d
2w
dξ 2
= 0, and d
dξ
[
D(ξ)
d2w
dξ 2
]
+ λ∗ dw
dξ
= 0, (5)
Guided end (G) : dw
dξ
= 0, and d
dξ
[
D(ξ)
d2w
dξ 2
]
+ λ∗ dw
dξ
= 0. (6)
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Mathematically, the problem is actually of solving a set of fourth-order varying coefficients ordinary differential governing
equation (2) combining with the corresponding end supports. However, closed-form solutions of non-uniform beams are
often difficult to find, and the exact solutions can be obtained only for special classes. Therefore, it is much desired to find a
method to exactly determine the critical buckling loads of such beams.
3. Derivation of characteristic equation
In this section, we will introduce a simple method to deal with the buckling problem of axially inhomogeneous beams
with elastic restraint. Now, we take an axially graded and non-uniform cantilever (C–F) with clamped end at ξ = 0 and a
free end at ξ = 1. First of all, we expandw(ξ) as a power series. Or rather, if neglecting sufficiently small error, the unknown
w(ξ) can be approximately expanded as
w(ξ) =
N−
i=0
ci
ξ i
i! , 0 ≤ ξ ≤ 1, (7)
where ci are unknown coefficients and N is a certain positive integer, which is chosen large enough such that the rest have
a negligible error. Applying the clamped boundary conditions at ξ = 0, substituting (7) into (4), one gets
c0 = 0, c1 = 0. (8)
Similarly, if considering the other boundary conditions in (5) at ξ = 1, we can obtain
N−
i=0
i(i− 1)
i! ci = 0, (9)
N−
i=0
i
i!

D(1)(i− 1)(i− 2)+ D′(1)(i− 1)+ λ∗ ci = 0, (10)
where the prime stands for the derivative of a function with respect to the argument. It is easily found that in order to solve
the linear equations (8)–(10), another N − 3 independent equations are needed for uniquely determining ci. This can be
achieved by means of integral technic. Inserting (7) into the resulting differential equation (2) for each case leads to
N−
i=0

C4i D(ξ)+ 2C3i D′(ξ)ξ + C2i D′′(ξ)ξ 2 + α∗ξ 4
 ξ i−4
i! ci + λ
∗
N−
i=0
C2i
ξ i−2
i! ci = 0, (11)
and
C4i = i(i− 1)(i− 2)(i− 3), C3i = i(i− 1)(i− 2), C2i = i(i− 1).
We multiply both sides of (11) by ξ j (j = 0, 1, 2, . . . ,N − 4) and then integrate with respect to ξ between 0 and 1,
yielding N − 3 linear algebraic equations of unknown coefficients ci:
N−
i=0
(T1ji + λ∗T2ji)ci = 0, j = 0, 1, 2, . . . ,N − 4, (12)
with
T1ji =
∫ 1
0

C4i D(ξ)+ 2C3i D′(ξ)ξ + C2i D′′(ξ)ξ 2 + α∗ξ 4
 ξ j+i−4
i! dξ, (13)
T2ji =
∫ 1
0
C2i
ξ j+i−2
i! dξ . (14)
Ultimately, making use of Eqs. (8)–(10) and (12), we can obtain a system of linear algebraic equations for unknown
coefficient ci. To obtain a nontrivial solution of the resulting system, the determinant of the coefficient matrix of the system
has to vanish, namely
det(T ) = 0, (15)
where T is a (N + 1) × (N + 1) square coefficient matrix of the linear equations. As a consequence, we actually obtain a
characteristic equation in normalized critical load λ∗. It should be noted that for elastic beams of other end supports such as
clamped–clamped ends (C–C), free–free ends (F–F), pinned–free ends (P–F), etc. the corresponding characteristic equations
can be similarly obtained. That is, one can replace Eqs. (8)–(10) with the obtained linear algebraic equations by inserting
(7) into the corresponding boundary conditions, while keeping the last N − 3 equations as the same form (12). There is no
doubt that the introduced method can give rise to great simplification of dealing with the buckling of axially functionally
graded non-uniform beams with different boundary conditions. As will be seen in the following, a major advantage of such
treatment is that the critical load of buckling of Euler–Bernoulli beams with various end restraints can be exactly calculated
for arbitrarily varying flexural rigidity.
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Table 1
Dimensionless critical buckling loads for pinned–pinned beams.
α Exact [23] N = 6 N = 10 N = 14 N = 14 (Case 2)
0 9.86960440109 9.875097503959 9.86960440142 9.86960440109 9.86960440105
50 14.93566358321 14.940966280994 14.93566358354 14.93566358321 14.93566358316
100 20.00172276532 20.006828039621 20.00172276565 20.00172276532 20.00172276531
Table 2
Dimensionless critical buckling loads for uniform beams with different boundary conditions.
BC α = 0 α = 50 α = 100
Exact [11] Present Exact [11] Present Exact [11] Present
C–F 2.4674 2.4674 2.467401 8.8614 8.8614 8.861396 11.9964 11.9614 11.996413
C-G 9.8696 9.8696 9.869604 23.5717 23.5722 23.571661 32.6690 32.6482 32.668976
C-P 20.1907 20.1908 20.190729 24.2852 24.2855 24.285198 28.3066 28.3080 28.306631
C–C 39.4784 39.4916 39.478418 43.2606 24.2929 43.260566 47.0066 47.0791 47.006601
4. Numerical results and discussion
In this section, wewill use the introducedmethod to analyze the buckling behavior of axially graded non-uniform beams
with a continuous elastic restraint. By inspecting the above procedure, one readily finds that characteristic equation. (15) has
multi-roots since the left-hand side is a polynomial in normalized critical buckling load λ∗. Therefore, a numerical procedure
to look for its roots is very simple and easy with the aid of commercial software. In fact, the most significant root should be
the smallest positive root, which corresponds to critical buckling load.
First, let us consider the case of a homogeneous beam with uniform cross-section. For buckling of such beam based on a
continuous elastic restraint with unchanged flexural rigidity EI , Wang et al. [23] have derived the characteristic equations in
non-dimensional critical buckling loads λ = PL2/EI for different boundary conditions, which are listed in Appendix. Clearly,
the stability criteria betweenEqs. (19)–(23) is highly nonlinear and it is not easy to find an analytical solution for any assumed
stiffness parameter. Therefore, finding the smallest root of the equations is not an easy process since these equations have
more than one root. In [11], Atay and Coskun have used a variation iteration approach trying to get the critical buckling
loads. However, based on the above-suggested approach, the key to gain the smallest buckling loads becomes very simple
due to the fact that the characteristic equation (15) is actually a polynomial equation. In order to examine the effectiveness
and convergence of the method proposed, we have calculated the critical buckling loads by the parameter λ = PL2/EI for
pinned–pinned homogeneous beams with different normalized elastic restraints α = kL4/EI . When N in (7) takes different
values, the numerical results are tabulated in Table 1 together with the exact results [23]. By comparing our numerical
results with the exact ones, it is clear that the numerical results have a rapid convergence. With N increasing from 6 to 14,
the errors between the numerical and exact results dramatically decrease and the results when taking N = 14 are identical
to the exact ones up to 11 decimal digits, which indicates that the present approach is very efficient. As a result, a higher
accuracy can be achieved through increasing N .
By observing the linear equations (12), one may find that those equations can be obtained from some other way, such as
multiplying both sides of (11) by ξ 2j and making j change from 2 to N − 2, while keeping the first four linear equations
(8)–(10) the same. For comparison, we denote the latter way as Case 2. From the numerical results in Table 1, we can
discover that the treatment has little influence on the critical buckling loads although the last N − 4 linear equations have
changed, which indicates that the buckling behaviors of non-uniform beams are mostly determined by the end supports in
nature. Therefore, we choose the former procedure with N = 14 in the following computation. The numerical results of
critical buckling loads for other boundary conditions are tabulated in Table 2. Table 2 demonstrates that the present critical
buckling loads are in very good agreement with the existing numerical results [11]. It is also observed that the critical
buckling loads monotonically increase with the increase in normalized restraint stiffness parameter α, which shows that
the elastic restraint plays an important role in determining the critical buckling loads of the beams.
In order to investigate the effect of axial inhomogeneity on the critical buckling loads, we take two special flexural rigidi-
ties of polynomials of the form D(ξ) = c0(1 + ξ)p, one being linearly varying axial rigidity p = 1, and the other being
parabolically varying axial rigidity p = 2. The dimensionless critical buckling loads λ = PL2/c0 of non-uniform beams
without elastic restraint for different boundary conditions are evaluated in Tables 3 and 4 with p = 1 and 2, respectively.
Other numerical results derived previously by the stiffness matrix method [2], Rayleigh’s quotient method [24] and a low-
dimensional mathematical model [22] are also presented in those tables. From Tables 3 and 4, it is seen that the obtained
results agree very well with the existing results. Especially, our results are nearly identical to the results acquired by Eisen-
berger [2]. We point out that the critical buckling loads of clamped–pinned and pinned–clamped beams with parabolically
varying axial rigidity p = 2 are exactly the same up to the 9 decimal digits through the introduced method. However, the
loads do not coincide for other situation, such as clamped–free and free–clamped with p = 1 or 2. This phenomenon has
been explained in [2] that due to the particular variation in cross-section properties, and for small deviation from it, this
no longer holds. In addition, the effect of elastic restraint on the critical buckling loads for different boundary conditions is
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Table 3
Dimensionless critical buckling loads of a beam with D0(1+ ξ).
End supports [22] [24] [2] Present
C–F 3.1227725710 3.1176998 3.117696228 3.1176962285
F–C – 4.12421 4.124184446 4.12418444632
P–P 14.505200922 14.58426 14.511249540 14.5112495395
C–P 29.495964646 – 29.448962806 29.4489628062
P–C – – 29.478844262 29.4788442618
C–C 57.445246088 – 57.393956136 57.3939561351
Table 4
Dimensionless critical buckling loads of a beam with D0(1+ ξ)2 .
End supports [22] [24] [2] Present
C–F 3.8576300556 3.836394 3.836376918 3.8363769177
F–C – 6.732289 6.731865407 6.7318654074
P–P 20.791633301 21.21653 20.792288456 20.7922884552
C–P 42.313450996 – 42.109176122 42.1091761225
P–C – – 42.109176122 42.1091761216
C–C 82.228445608 – 81.923363881 81.9233636440
Fig. 1. The effects of elastic restraint α on the dimensionless critical buckling loads λ for non-uniform beams of linearly varying axial rigidity D(ξ) =
c0(1+ ξ).
Fig. 2. The effects of elastic restraint α on the dimensionless critical buckling loads λ for non-uniform beams of parabolically varying axial rigidity
D(ξ) = c0(1+ ξ)2 .
investigated and the results are plotted in Figs. 1 and 2 with p = 1, 2, respectively. From Figs. 1 and 2, it can be seen that the
restraint stiffness parameters have strong influence on the critical buckling loads. Moreover, the larger the restraint stiffness
parameter, the stronger the load-carrying capability of nonhomogeneous beams.
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Table 5
Non-dimensional critical buckling loads λ of axially graded beams.
End supports α n = −10 n = −3 n = 0 n = 3 n = 10
C–F 0 5.835090 4.579849 3.594299 2.866601 2.501549
50 14.759370 13.680672 12.243454 10.619472 9.182531
100 21.133770 19.921079 17.767206 15.079292 12.600299
S–S 0 27.612339 23.676536 18.225319 13.288050 10.291338
50 32.676142 28.712273 23.230178 18.301781 15.350539
100 37.739747 33.744138 28.225079 23.304608 20.408093
C–P 0 50.771504 44.642258 36.595885 28.143348 21.583872
50 55.181597 49.109007 41.042055 32.498679 25.767565
100 59.570904 53.556226 45.466102 36.822278 29.895159
C–C 0 98.976657 86.121896 71.066055 56.791839 46.386526
50 102.950729 90.021236 74.823129 60.391911 49.905182
100 106.912249 93.904898 78.558894 63.963372 53.389358
Next we consider a functionally graded beam with axial inhomogeneity, where the cross-sectional area A and moment
of inertia I are unchanged. This benefits the design of nonhomogeneous beams for certain particular purposes. To show the
effect of the inhomogeneity on the critical buckling loads, instead of the usual power-law gradient assumption, herewe take
material properties (such as Young’s modulus, mass density, etc.) as follows:
Y (ξ) =
Y0

1− e
nξ − 1
en − 1

+ Y1 e
nξ − 1
en − 1 , n ≠ 0,
Y0(1− ξ)+ Y1ξ, n = 0,
(16)
where Y0 and Y1 are the correspondingmaterial properties at the ends ξ = 0, 1, respectively, and n is the gradient parameter
describing the volume fraction change of both constituents involved. In the following calculations, twomaterials are chosen
as aluminum and zirconia, the material properties of which are [25]: E0 = 70 GPa; E1 = 200 GPa. Based on the introduced
approach, the influence of the gradient parameter n on dimensionless critical buckling loads λ = PL2/E0I is displayed in
Table 5with different elastic restraints. FromTable 5, it can be seen that the critical buckling loads decreasewith increasing n,
which shows that the gradient parameter plays a dominant role in determining the buckling loads although two constituent
phases are unchanged. In addition, the critical buckling loads are also sensitive to the end supports aswell as elastic restraint,
as expected.
Finally, we give an optimal design of a simply supported beam. As seen above, when the non-dimensional bending stiff-
ness takes D(ξ) = (1 + ξ)p, an increase in p can enhance the load-carrying capacity. However, the weight of the beam
is also raised simultaneously. A problem naturally arise. How to get an optimal state such that a homogeneous beam with
fixed weight is capable of carrying a maximum load? For this reason, here we consider a simplified suboptimal design case.
That is, a simple cylindrical beamwith fixed volume V (or weight) is considered. In this paper, we choose two typical shape
profiles symmetric with respect to the mid-position of the beam.
Case A: parabolic tapered beams
r(ξ) =
√
15/π
8r20 + 4r0 + 3
[−4(r0 − 1)ξ 2 + 4(r0 − 1)ξ + 1]. (17)
Case B: sinusoidal tapered beams
r(ξ) =
√
1/π
(r0 − 1)2/2+ 4(r0 − 1)/π + 1
[(r0 − 1) sinπξ + 1], (18)
where parameter r0 = rmid/rend represents the ratio of the radius at the mid-position to that at the end. It is easily
checked that these beams have fixed volume V =  10 πr2dξ = 1. By utilizing the Runge–Kutta and regula-falsi methods,
Lee and Oh have investigated the buckling behavior of such tapered beams with constant volume [3], where they have
obtained the numerical results of an optimal ratio λ/λuni = 1.301 and 1.289 for Cases A and B in the absence of elastic
restraint, respectively. By exploiting the introduced approach, we can now easily determine an optimal ratio r0 = rmid/rend,
with which the beam is capable of carrying maximum compressive load for above profiles. To attain this end, the ratio of
dimensionless buckling loads to the buckling loads of uniform beam, taking λ/λuni for cylindrical beams, against r0 for the
two profiles with different restraint stiffness parameters are displayed in Figs. 3 and 4, respectively. As seen from Figs. 3 and
4, the critical buckling loads increase with increasing r0, arriving at its maximum for two tapered beams considered with
different restraint coefficients, respectively, and then decrease as r0 continues to rise, which indicates that there exists an
optimal ratio r0 such that critical buckling load of the beam reaches its maximum. On the other hand, for large α values, the
optimal ratio r0 slightly reduces, while the corresponding ratio λ/λuni still decreases. Moreover, from Figs. 3 and 4, λ/λuni is
observed to reach a peak λ/λuni = 1.298 at about r0 = 1.98 for the Case A and λ/λuni = 1.290 at about r0 = 1.85 for the
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Fig. 3. Variation of λ/λuni against the ratio of the radium at the mid-position to that at the end rmid/rend for parabolic tapered beams.
Fig. 4. Variation of λ/λuni against the ratio of the radium at the mid-position to that at the end rmid/rend for sinusoidal tapered beams.
Case Bwithout elastic restraint. For the parabolic shape profile, our result is about 0.23% lower than the existing result, while
about 0.078% higher than the result of [3] for the parabolic sinusoidal profile. The above results show that the introduced
method is very efficient and powerful in the analysis of buckling of axially non-uniform beams.
5. Conclusions
A new and simple approach has been presented to solve buckling of axially inhomogeneous beams with a continuous
elastic restraint. By using the power series as well as the integral technic, we have obtained a characteristic equation in
critical buckling loads. An advantage of the suggested approach is that the derived characteristic equation is a polynomial
equation, where the smallest positive root corresponding to the critical buckling loads can be easily obtained with the
aid of commercial software. Several examples of computing buckling loads with elastic restraint for various boundary
configurations have beenpresented. The effectiveness of themethodhas been confirmedby comparing our numerical results
with the exact ones and other numerical results available for homogeneous and nonhomogeneous beams. In this paper, we
illustrated the effects of the gradient parameter on the critical buckling loads of a Al/ZrO2 composite beam under various
end supports. Moreover, the introduced approach is of benefit to optimum design of non-uniform beams in engineering
applications. This method is still efficient for treating similar dynamic problems and free vibration of axially graded and
non-uniform Euler–Bernoulli beams.
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Appendix
The characteristic equations of buckling for uniform Euler–Bernoulli beams with elastic restraint under various end sup-
ports are [23]
P–P : sin T = 0, (19)
C–P : T cos T sin S − S sin T cos S = 0, (20)
C–G : T sin T cos S − S cos T sin S = 0, (21)
C–C : 2ST (cos T cos S − 1)+ (T 2 + S2) sin T sin S = 0, (22)
C–F : [λ(S2 + T 2)− 2S2T 2] cos T cos−λ(S2 + T 2)+ (T 4 + S4)+ ST [2λ− (T 2 + S2)] sin T sin S = 0, (23)
with
λ = PL
2
EI
, α = kL
4
EI
, (24)
S =
λ
2
−

λ
2
2
− α, T =
λ
2
+

λ
2
2
− α. (25)
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